
EC4024 Lecture 13
The International and Domestic Money and Bonds Markets
Stephen  Kinsella

1. Dynamical Models of Trade
Here  we'll  look  at  a  simple  dynamical  model  of  trade  in  financial  services.  Suppose  two  countries  are  engaged  in
trade. Let's model the interactions of each country's national income using difference equations. First, some notation
for each country i at each time period, t.

For each t = 1, 2, 3, ..., and each i = 1, 2, we have the national income identity

(1)NIit = CSit + IVi
t + GCi

t + EXi
t - IMi

t.

Assume investment and government spending are constant over time:

(2)IVi
t = IVi

0, and GCi
t = GCi

0.

Consumption and imports at each time period are linear functions of national income at time t - 1. So we'll have

(3)CSit = CSi0 + ai NIit-1.

(4)IMi
t = IMi

0 + bi NIit-1.

Because there are only two countries, the exports of country 1 are the imports of country 2.

The national incomes for these two countries can be written as the following difference equations:

(5)NI1t = k10 + k11 NI1t-1 + k12 NI2t-1,

(6)NI2t = k20 + k21 NI1t-1 + k22 NI2t-1.

The constant coefficients here are shown in the code below.

I choose values of the coefficients to give a unique solution to the difference equations for a nice graph, which we can
see below. 

Code

Clear[CS1, CS2, GS1, GS2, IM1, IM2, IV1, IV2, NI1, NI2];
CS1[0] = 6; CS2[0] = 5;
IV1[0] = 1.5; IV2[0] = 3;
GS1[0] = 1; GS2[0] = 2.5;
IM1[0] = 1; IM2[0] = 0.6;
NI1[0] = 30; NI2[0] = 10;
a1 = 0.4; a2 = 0.3; b1 = 0.1; b2 = 0.05; k10 = CS1[0] + IV1[0] + GS1[0] - IM1[0] 
+ IM2[0];
k11 = a1 - b1;
k12 = b2;
k20 = CS2[0] + IV2[0] + GS2[0] - IM2[0] + IM1[0];
k21 = b1;
k22 = a2 - b2;
{k10, k11, k12, k21, k22, k20}
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88.1, 0.3, 0.05, 0.1, 0.25, 10.9<

Clear[t];
NI1[t_ /; t >= 1] := NI1[t] = k10 + k11*NI1[t - 1] + k12*NI2[t - 1];
NI2[t_ /; t >= 1] := NI2[t] = k20 + k21*NI1[t - 1] + k22*NI2[t - 1];
country1 = Table[{t, NI1[t]}, {t, 0, 10}];
country2 = Table[{t, NI2[t]}, {t, 0, 10}];
ListPlot[{country1, country2}, PlotJoined -> True, PlotRange -> {0, 20}, AxesLa-
bel -> {"Period", "National Income"}]
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We have country 1's income falling below the national income of country 2, and both countries appear to approach
constant values. 

Using eigenvalues and eigenvectors,  we can solve for the complementary and general solutions,  which will  give us
the initial value solution. Readers interested in this should contact me.  We can simulate different values of trade on
these countries.

Yield Curve
Term structure of interest rates

Discrete case. Suppose that at time instances t = 1, 2, ..., T  we have spot interest rates R1, ..., RT . The forward rates
f1, ..., fT  are defined by relation

(7)H1 + RtLt = ‰
j=1

T

I1 + fjM or ft =
H1 + RtLt

H1 + Rt-1Lt-1
.

Finally,  the  discount  factors
v1, ..., vT
are defined as

(8)vt =
1

H1 + RtLt
.

Any of these sequences uniquely defines the term structure of interest rates. Note that also

(9)log H1 + RtL = 1
t  ⁄j=1

T log H1 + fjL .
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(9)

log H1 + RtL = 1
t  ⁄j=1

T log H1 + fjL .

Continuous case. Here we start with forward or instant rate of interest f HtL which is a function defined on @0, TD. The
quantity  f HtL Dt  roughly  mean  the  accrued  interest  during  the  time  interval  @t, t + DtD.  The  spot  rate  of  interest  is
defined as the integral mean of the forward rate and resembles (1) in discrete case:

(10)R HtL = 1
t  Ÿ0

T
f HtL „t .

The discount function vHtL is

(11)v HtL = exp 8-t R HtL< = exp 9-Ÿ0
T
f HtL „t= .

The data

Needs@"NonlinearRegression`"D

This set of data come from real world. They are in the form 8maturity Hnumber of daysL, spot interest rate<.
plot3 =

ListPlot@Hir3 = 887, 4.74<, 814, 4.72833333333333<, 830, 4.705<, 860, 4.595<, 890, 4.53<,
8180, 4.42<, 8270, 4.415<, 8360, 4.41<, 8730, 4.51<, 81095, 4.68<, 81460, 4.85<,
81825, 4.99<, 82190, 5.09<, 82555, 5.19<, 82920, 5.27<, 83285, 5.33<,
83650, 5.38`<, 84015, 5.42<, 84380, 5.46<, 84745, 5.48666666666667<,
85110, 5.51333333333333<, 85475, 5.54<<L, PlotStyle Ø 8Red, PointSize@0.01D<D
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int3 = Interpolation@ir3D;
int31 = Interpolation@ir3, InterpolationOrder Ø 1D;
plotint3 = Plot@int3@tD, 8t, 7, 10000<D;
Show@plot3, plotint3D
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