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Abstract

This paper studies the age distribution of firms in Ireland from 1961 to 2009 us-
ing data on over 159,000 firms. I build a model which mixes a lognormal distribution
of firm size with an exponential distribution of firm age to explain the evolution of
these data. The model is fitted using maximum likelihood estimation, and tested
using Kolmogorov-Smirnov statistics. The model replicates observed empirical reg-
ularities.
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1. Introduction

Few studies concentrate directly on the age distribution of firms. To my knowledge, no
studies of the Irish case exist. Until recently, high resolution data was hard to obtain,
difficult to study using costly computational resources, and even then, most data sets
only covered larger firms. More recent studies have observed an exponential distribution
of firm age1.

This paper makes two contributions. First, the paper provides a comprehensive de-
scription of firm age in Ireland. Second, the paper exposes the previously unexplored
data to a new model, using a novel estimation method. The main result is to find that
the distribution found in the data can be obtained by mixing a Gibrat-type process to
generate firm sizes2 with an exponential distribution for firm ages.

Further work will describe the implications of the findings of this paper with regards
to Ireland’s industrial policy over the period.

1.1. Motivation

Beyond simple curiosity, and recognizing the tautological importance of firm age in the
success or failure of Irish firms in particular sectors, there are several reasons for studying
the age distribution of Irish firms separately from the size distribution.

1. Firm age is a major determinant of firm growth for individual firms. In an influen-
tial article on firm age, Thornhill and Amit [2003, p. 498] write that

Firms are at the greatest risk of failure when they are young and small.
Beyond an early peak in mortality rates, often described as the liability
of adolescence, exit rates monotonically decline to a positive asymptote.

2. The age distribution of firms provides indirect data on entry and exit rates in sec-
tors, barriers to entry, survival rates, and technologies used in production in Irish
and international firms located in Ireland.

3. Firm age is a major determinant of firm growth in and across sectors. The rela-
tionship between firm size and firm age is well studied3. Though the likelihood of

1Coad [2008] surveys the literature. The literature on firm size is vast, with representative papers being
Gabaix et al. [2003], Ijiri and Simon [1977], Crosato and Ganugi [2007], Cabral and Mata [2003], Coad and
Tamvada [2008]. Firm age, however, has not received as much attention until recently.

2Details on generating Gibrat processes may be found in Sutton [1997], Aitchison and Brown [1957],
de Wit [2005].

3Representative studies include Greiner [1998], Evans [1987], Variyam and Kraybill [1992], and Yasuda
[2005].
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firm growth is essentially stochastic, there seems to be a negative relationship be-
tween firm growth and firm age after a certain threshold, which seems to depend
on the data being studied, and is as yet inconclusive4. The literature in this area is
currently emerging, so there are few fixed points of reference for this study.

1.2. Objective

This paper studies the age distribution of firms in Ireland using a database of over
159,000 firms across every sector5 of the Irish economy from 1961 to 20096.

The density of the distribution across all Irish firms appears to follow an approxi-
mately straight line, with a negative slope over most of the support. Plotted in rank-
frequency space, this straight line suggests that an exponential distribution would be a
valid approximation of the empirical age distribution of firms in Ireland.

In this paper, I build a model to generate this exponential distribution which agrees
with economic intuition, and I fit the model to real world data using maximum likeli-
hood estimation. I use Kolmogorov-Smirnov (KS) tests of goodness of fit for these dis-
tributions, following Clauset et al. [2007], and the KS statistics report a close fit with the
exponential with D ≤ 0.1.

The rest of the paper is laid out as follows. Section 2. explores the data set. Section 3.
describes the model used to generate similar distributions to the data. Section 4. fits the
empirical distribution to the derived distribution from the model. Section 5. concludes,
and appendix A describes the fitting procedure.

2. Data

Data are taken from the AMADEUS and KOMPASS databases of firms registered in Ireland,
both active and inactive, across all available NACE codes7. I take the ‘birth date’ of any
firm to be the date of its registration as recorded on the AMADEUS dataset. Appropriately

4In a rare study, Das [1995] studies rapidly growing Indian technology firms, and finds the opposite
result, confirming the economic intuition that explosive growth is more likely to occur at the earliest stages
of firm age in certain industries.

5The NACE code system is the European standard for industry classifications and was introduced in
1970. In 1990 a revised version became applicable. NACE stands for ‘Nomenclature Generale des Activites

Economiques dans I‘Union Europeenne’ (General Name for Economic Activities in the European Union). The
current version from 2008 is based on the ‘International Standard Industrial Classification of all economic
activities’ (ISIC) of the United Nations.

6Data was gathered using the AMADEUS and KOMPASS databases. The author gratefully acknowledges
the help of the librarians of Trinity College, Dublin, in gathering these data.

7Following Simon (1962) and Velupillai [2000].
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filtered, the total number of firms is 159,902. ‘Age’ is here defined as the date of regis-
tration of the company with the Irish Companies Registration Office (CRO). The firm is
thus ‘born’ in this dataset when it registers with the CRO. The legal definition of firm
birth has not changed appreciably over the last 49 years in Ireland, although more re-
porting strictures have been imposed upon newer firms in recent years. There may well
be measurement error in the firm age data compiled here—for example, when a firm
was registered in 2009, its age was given as 1—but this measurement error is not large
enough to discourage an analysis of the age distribution using these data. There are also
no data on firms’ exits from particular sectors, which would allow a ‘mortality’ rate to be
developed.

There were no upper and lower thresholds placed upon the data. The mean age of
the firms is 9.49 years, median age is 7 years, with a standard deviation of 8.46. Firms
are rather young relative to international studies8. The firms this paper studies range in
age from 1 year to 47 years of age. Table 1 shows the relevant data descriptors, including
data on firm age by percentile. The percentiles show us a highly skewed distribution,
which squares well with the finding that over 97% of firms ‘alive’ in Ireland are both
very young (that is, less than three years’ old) and very small.

Percentile Year

n 159,902 1% 1

Mean 9.49 10% 1

Std Deviation 8.47 25% 3

Minimum 1 50% 7

Maximum 47 75% 13

90% 21

99% 37

100% 47

Table 1: Descriptive statistics for aggregated AMADEUS data.

Figure 1 shows, in sequence, different characteristics of the data, and provides an
empirical justification for modeling these data using lognormal and exponential distri-

8For example, Coad and Tamvada [2008] found a median age of 12 years for a sample of 700,000 Indian
firms.
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butions. Moving left to right, we see simple unranked tally of firms by age (panel 2(a)).
Clearly many firms currently alive are very young, with more than 40% of the sample
being less than 3 years’ old. The data ranked by age, the probability of observing an
individual firm x which has been alive for t years is P (xt). Plotted in log-log space, the
frequency of the age distribution is suggestive of an exponential in the support. Panel
2(b) generates 150,000 ages for firms between 1 and 47 from a lognormal distribution,
and compares the simulated firm ages (in red) to the actual firm ages (in blue, dotted).
Simple OLS confirms there is a high correspondence between the two, and KS tests con-
firm this at the 99% confidence interval. Panel 2(c) generates the probability distribution
function (PDF), for an exponential distribution, and fits to a randomnly sampled em-
pirical distribution function. Panel 2(d) plots the empirical distribution function for the
entire sample. Simple fitting by ordinary least squares (OLS) to the tail of the distribu-
tion does support the hypothesis that the distribution is exponentially distributed above
100,000 firms9.

3. Model

Figure 1 plots the same graph for different years, overlaying the results for one year over
the results for other years. The general shape of the distribution rather than the ‘pooled’
version in figure 2(d) could be discerned this way, and also it might be possible to observe
long-term changes over time.

Here the modeling strategy is to model the size of the firm— relative to its age—in
two parts. I posit a standard, lognormal-distributed generating function for the firm size,
following Simon [1955], Coad [2008], Cabral and Mata [2003], initially assuming firms are
of identical ages, and then to let t flow freely by mixing an exponential distribution of
firm age with a lognormal distribution of firm size, following Coad [2008], Coad and
Tamvada [2008].

Let xt be the size of firm x at time t. ‘Size’ here can be measured by a number of
proxies, for example: market capitalization, number of employees, turnover, operating
profit, and market share. Let �t be a random, iid variable representing a multiplicative
growth shock between each period. The following relation then holds:

9OLS results computed in Mathematica regressing the data on the assumed distributional shape age
P (AGEt) = C

AGE−k
t

, where a is a constant and α the scaling parameter, show an R2 of 0.847, an estimated
variance of 24.7, with both C and k strongly significant at the 5% confidence interval. The best fitted distri-
butional function, according to OLS, is P (AGEt) = 336/AGE0.32

t
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(a) Unranked tally of number of
firms by age.

(b) Ranked plot of ages of firms
on log-log scales. Red line shows
150,000 simulated lognormally dis-
tributed firms. Blue (dotted) line is
actual firms.
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(c) Fitting of exponential probability
density function to actual data.

(d) Empirical distribution function of
P (xit > xjt).

Figure 1: Graphical representations of the actual and simulated data. An exponential
and/or lognormal distribution of firm age is clearly evident.

xt − xt−1 = �xt−1. (1)

Expanding equation 1, we can be obtain:

xt = (1 + �t)xt−1 = x0(1 + �1) + (1 + �2) + . . . �̄ + (1 + �t). (2)
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Taking logs either side of equation 2 to approximate log(1 + �t) by �t, we get

log xt ≈ log x0 + �1 + �2 + . . . + �t = log(x0) +
t�

s=1

�s (3)

As t become large, the logged initial size of the firm will become very small, and may
be dropped.

log(xt) ≈
t�

i=1

�i. (4)

Applying the central limit theorem, we can say that log(xt) is normally distributed
for large t, and therefore firm size is lognormally distributed.

P (xt) =
1

xt

√
2πσ2

e
− (log(xt)−�̄t)

2

2σ2
t . (5)

Now remove the assumption that t has an identical value for all firms, and allow t’s
value to float freely. If we assume the distribution of the firm’s age to be exponentially
distributed, we can posit the following exponential distribution for t:

P (t) = λe−λt. (6)

It is important to discover a rule to mix the two distributions: the lognormal distribu-
tion for firm size, and the exponential distribution for firm age. Huberman and Adamic
[1999] mix these distributions according to this rule: if a variable α’s distribution P (α|β)
depends on a parameter β, and β itself is distributed according to another probability
distribution P (β), then the distribution of α is given by P (α) =

�
P (β) · P (α|β)dβ. This

rule is, admittedly, arbitrary, but other rules can be posited without difficulty, and further
work will concentrate on discovering appropriate mixings of these distributions.

Mixing the lognormal distribution of firm size and the exponential distribution of
firm age, we can obtain

P (xt) =
� ∞

0

�
−λeλt · 1

xt

√
2πσ2

e
− (log(xt)−�̄t)

2

2σ2
t

�
dt, (7)

which can be developed to give

P (xt) = C · x−k
t . (8)

C is a constant whose value is given by C = λ/σ(
�

(�̄)2 + 2λ), with 1 < k < ∞. k’s
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value is given by k = 1− �̄
σ2 +

√
�̄2+2λσ2

σ2 .
There is a simple economic intuition behind equation 8. If λ is large, then the expo-

nential decay is strong, so it will be unusual to find firms with an age above the median
age. When the mean growth rate is close to zero, then �̄ will be close to 1, and if λ is small,
then the likelihood of finding firms with an age greater than the average will be low.

We can then study the evolution of both λ and �̄ over the 47 years of Irish firm age
data we have available.

The next section exposes our simple model to the data described in section 2..

4. Fitting

Details of the fitting procedure are given in the appendix. We fit 159,902 ages of Irish
firms to equation 8 via maximum likelihood10. Figure ?? plots the fit of the firms ages to
equation (8). The best fitted values for λ and � by the maximum likelihood method are
26.2 and 3.1, respectively, across the entire period. The observed functional form for the
model is

P (xt) =
24.3
x0.09

. (9)

R2 and adjusted R2 for this model are 0.54 and 0.54, respectively, with p < 0.05 in all
cases studied.

It is possible to break the age distribution down further by NACE code, and I will do
so for four representative sectors: firms with more than 500 employees, firms in export
sectors, and firms in high technology sectors, and light manufacturing. The influence of
Irish industrial policy over the time period can clearly be seen, even up to the present
day.

5. Conclusion and Further Work

This paper studies the age distribution of Irish firms from 1961 to 2009. The paper builds
a model which mixes lognormal (firm size) and exponential (firm age) distributions to
obtain an empirically valid and tractable approximation to the data on over 159,000 firms
available. The simple distributional model is simulated, and tested for several parameter
ranges and does replicate the observed findings on firm age tolerably.

Further work will concentrate on expanding the description of firm growth and decay

10
Mathematica code for this fitting is available from the author.
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by including firm death, when certain firms go out of business. Then a true birth and
death rate of firms in Ireland can be computed exactly.
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A Maximum Likelihood Estimation

Let X denote the variable(s) of interest that has (or is assumed to have) a probability
density function (pdf): f(x; θ), dependent upon a (k × 1) parameter θ ∈ Θ ⊂ Rk, whose
true value θ0 is unknown.

Assume the functional form of f is known.
Let (X1, . . . , Xn) denote a random sample of size n drawn on X , in practice a time

series of arbitrary length. It is assumed that the pdf of the sample f1, . . . , n|(x1, . . . , xn; θ)
can be derived from the knowledge we have about f , so the joint density we derive
herein will depend upon the unknown parameter θ. A key point we need to stress is the
likelihood function is mathematically equivalent to the joint distribution of the sample
for the data types under study.

The real benefit of MLE in the age of vast computational resources is that instead of
regarding the likelihood as a function of the Xi’s, the likelihood can be interpreted as a
function of θ defined over the parameter space Θ for fixed values of each Xi = xi. The
advantage of this approach is the recursive structure each xi inherently has.

The simple likelihood for θ is

L (θ|x1, . . . , xn) ≡ f1,...,n (x1, . . . , xn; θ) . (10)
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It makes most sense to shorten the notation for the likelihood to just L(θ), because the
finer points of the definition are not used below.

Construction of the joint pdf may at first sight seem a daunting task. However, if the
variables in (X1, . . . , Xn) are mutually independent, then the joint pdf is given by the
product of the marginals shown in equation 11:

f1,...,n (x1, . . . , xn; θ) =
n�

i=1

f (xi; θ) , (11)

which usually makes it easy to construct the joint pdf and hence the likelihood for
θ. The literature on the necessary independence of explanatory variables and the contro-
versy this assumption has created is summarised and criticized in Jeynes [1978], though
his contribution has spawned a large literature which is beyond the scope of this paper.

It is important usually to distinguish between two forms of the likelihood for θ,
namely, the likelihood function, and the observed likelihood function.

The likelihood function is defined as the likelihood for θ, given the random sample
prior to observation; it is given by L(θ|X1, . . . , Xn), and is a random variable.

The observed likelihood is defined as the likelihood for θ evaluated for a given sam-
ple of observed data, and it is not random. The examples developed below illustrate the
construction of the likelihood, and its observed counterpart.

In simple cases, the likelihood function is easily constructed, since due to mutual
independence, the joint distribution of the random sample is simply the product of the
marginal distributions. In practical financial situations, however, mutual independence
amongst the sampling variables does not occur, and so the derivation of the likelihood
function requires more effort.

Maximum likelihood parameter estimation is based on choosing values for θ so as to
maximise the likelihood function. That is, the MLE of θ, denoted θ̂, is the solution to the
maximized problem:

θ̂ = arg max
θ∈Θ

L (θ|X1 = x1, . . . , Xn = xn) . (12)

θ̂ is the value of the argument of the likelihood, selected from anywhere in the pa-
rameter space that maximises the value of the likelihood after we have been given the
sample. In other words, we seek the particular value of θ, namely, θ̂, which makes it
most likely to have observed the sample that we actually have. We may view the so-
lution to 12 in two ways depending on whether the objective function is the likelihood

function or the observed likelihood function. If the objective is the likelihood, then 12 de-
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fines the ML estimator,θ̂ = θ̂(X1, . . . , Xn); since this is a function of the random sample,
θ̂ is a random variable. If the objective is the observed likelihood, then 12 defines the
ML estimate,θ̂ = θ̂(x1, . . . , xn), where x1, . . . , xn denotes observed data; in this case θ̂ is a
point estimate.

The solution to 12 is invariant to any monotonic increasing transformation of the
objective. Since the natural logarithm is a monotonic transformation, it follows that

θ̂ = arg max
θ∈Θ

log L(θ), (13)

which we will use from now on as the definition of the estimator (estimate). The
natural logarithm of the likelihood, log L(θ), is called the log-likelihood function. A
weaker definition of the MLE, but one that, in practice, is often equivalent to 12 is

θ̂ = arg max
θ̃∈Θ̃

log L
�
θ̃
�

(14)

where Θ̃ denotes a finite, non-null set whose elements θ̃ satisfy the conditions

∂

∂θ
log L(θ̂) = 0 (15)

and
∂2

∂θ2
log(θ̂) ≤ 0. (16)

The two parts of 16 express, respectively, the first- and second-order conditions famil-
iar from basic calculus for determining local maxima of a function. Generally speaking,
we determine MLE through computation of the 16, although the example below, find-
ing MLE for the exponential parameter, relies on 13 alone. One further piece of notation
is the so-called score (or ‘efficient score’ in some texts), defined as the gradient of the
log-likelihood,

S(θ) =
∂

∂θ
log L(θ). (17)

For example, the first-order condition is simply S(θ̃) = 0.
Let X ∼ Exp(θ), where parameter θ ∈ R+. Here is its pdf, assuming the domain of f

runs from x to infinity, and θ > 0 : f = 1
θe−x/θ.

For a random sample of size n drawn on X , the log-likelihood function is:

log Lθ = log

�
n�

i=1

(f/.x→ xi)

�
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= −nθ log[θ] +
�n

i=1 xi

θ
(18)

The score function is the gradient of the log-likelihood with respect to θ:

Score =
−nθ +

�n
i=1 xi

θ2
. (19)

Setting the score to zero and solving for θ corresponds to the first-order condition
given in 16. We find:

θ =
�n

i=1 xi

n
. (20)

The unique solution corresponds to the sample mean, the first moment of the distribu-
tion. The nature of the solution is not yet clear; that is, does the sample mean correspond
to a local minimum, local maximum, or saddle point of the log-likelihood? A check of
the second-order condition, evaluated at the solution point gives

− n3

(
�n

i=1 xi)2
, (21)

which reveals that the Hessian is strictly negative at the sample mean and therefore
the log-likelihood is maximized at the sample mean. Hence, the MLE of θ is

θ̂ =
1
n

n�

i=1

(Xi). (22)

Now let X ∼ N(µ,σ2), where µ ∈ R and σ2 ∈ R+, with pdf f(x;µ, (σ2):

f =
1

σ
√

2π
Exp

�
−(x− µ)2

2σ2

�
; (23)

Assuming domain on f of −∞ ← x → ∞ and a real-valued mean, for a random
sample of size n drawn on X , the log-likelihood for parameter θ = (µ,σ) is:

log Lθ = log

�
n�

i=1

(f/.x→ xi)

�
(24)

which gives

− 1
2σ2

�
n

�
µ2 + σ2Log[2π] + 2σ2 log[σ]

�
− 2µ

n�

i=1

xi +
n�

i=1

x2
i

�
(25)
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The score vector S(θ) = S(µ,σ) is given by:

�
−nµ +

�n
i=1 xi

σ2
,
nµ2 − nσ2 − 2µ

�n
i=1 xi +

�n
i=1 x2

i

σ3

�
(26)

Setting the score to zero and solving yields:







σ → −

�

−(Pn
i=1 xi)2

n +
�n

i=1 x2
i√

n
, µ→

�n
i=1 xi

n



 ,



σ →

�

−(Pn
i=1 xi)2

n +
�n

i=1 x2
i√

n
, µ→

�n
i=1 xi

n









(27)
Clearly, the negative-valued solution for σ lies outside the parameter space and is

therefore invalid; thus, the only permissible solution to the first-order conditions is:



σ →

�

−(Pn
i=1 xi)2

n +
�n

i=1 x2
i√

n
, µ→

�n
i=1 xi

n



 (28)

Then
θ̂ = (µ̂, σ̂)

is the MLE of θ, where µ̂ and σ̂ are the formulae given as the solution values for θ (second-
order conditions must be checked below). The functional form for σ̂ may appear unfa-
miliar. However, if we utilize the following identity for the sum of squared deviations
about the sample mean,

n�

i=1

�
Xi − X̄

�2 =
n�

i=1

X2
i − nX̄2

where X̄ = 1
n

�n
i=1(Xi), then

σ̂ =

���� 1
n

n�

i=1

�
Xi − X̄

�2
.

Invoking MLE’s Invariance Property the MLE of σ2 is

(σ̂)2 =
1
n

n�

i=1

�
Xi − X̄

�2 (29)

which is the 2nd sample central moment.
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The second-order conditions may, for example, be checked by examining the eigen-
values of the Hessian matrix evaluated at θ̂:

�
n3

(
�n

i=1 xi)2 − n
�n

i=1 x2
i

,
2n3

(
�n

i=1 xi)2 − n
�n

i=1 x2
i

�
(30)

Given the identity for the sum of squared deviations, the eigenvalues of the Hessian
are−nσ̂−2 and−2nσ̂−2, which clearly are negative. Thus, the Hessian is negative definite
at θ̂ and therefore the log-likelihood is maximized at θ̂.

B MLE for Pareto-distributed data

Let X ∼ Pareto(α, β), where parameters α ∈ R+ and β ∈ R+. Assuming α > 0,β > 0
and allowing the domain of f to fluctuate from x→∞, the pdf of X is given by:

f = αβαx−(α+1). (31)

Since X ≥ β, there exists dependence between the parameter and sample spaces.
Given a random sample of size n collected on X , the log-likelihood for θ = (α, β) is:

(log[α] + α log[β])− (1 + α)
n�

i=1

log [xi] (32)

The score vector is given by:

�
n

�
1
α

+ log[β]
�
−

n�

i=1

log [xi] ,
nα

β

�
. (33)

If we attempt to solve the first-order conditions in the usual way, we cannot find a
solution to the equations. However, if we focus on solving just the first of the first-order
conditions, we find: �

α→ − n

n log[β]−
�n

i=1 log [xi]

�
(34)

This time a solution is provided, albeit in terms of β; that is, α̂ = α̂(β). We now take
this solution and substitute it back into the log-likelihood:

n

�
−1 + log

�
n

−n log[β] +
�n

i=1 log [xi]

��
−

n�

i=1

log [xi] (35)
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This function is known as the concentrated log-likelihood. It corresponds to log L(α̂(β),β).
Since it no longer involves α, we can maximise it with respect to β. Let β̂ denote the so-
lution to this optimization problem.

This solution can then be substituted back to recover α̂ = α̂(β̂); then θ̂ = (α̂, β̂) would
be the MLE of θ by recursion.

In general, when the first-order conditions can be solved uniquely for some subset of
parameters in θ, then those solutions can be substituted back into the log-likelihood to
yield the concentrated log-likelihood. The concentrated log-likelihood is then maximized
with respect to the remaining parameters, usually using numerical techniques.

For my example, maximizing the concentrated log-likelihood using standard calcu-
lus will not work. This is because the parameter space depends on the sample space.
However, by inspection, it is apparent that the concentrated log-likelihood is increasing
in β. Therefore, we should select β as large as possible. Now, since each Xi ≥ β, we can
choose β no larger than the smallest observation. Hence, the MLE for β is

β̂ = min(X1, X2, . . . , Xn) (36)

which is the smallest order statistic. Replacing β in α̂(β) with β̂ yields the MLE for α,

α̂ = n/
n�

i=1

log(
Xi

min (X1, X2, . . . , Xn)
)� (37)


